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Abstract. - A new capacitive method is presented, suitable for measuring thermal diffusivity 
with an accuracy of k 1% and thermal expansion with an accuracy of k 2% in high-conducting 
materials. Preliminary data for pure aluminium, consistent with the literature, are reported. 
Errors in thermal-diffusivity measurements are generally due to heat losses connected 
with: a )  surface radiation effects; b )  electrical leads of the thermocouple junctions inserted 
into the specimen; c )  mechanical support of the specimen; d )  lack of correspondence between 
the heat source used to warm up the specimen and the theoretical source introduced into the 
diffusion equation [l-71. Finally, in measurements employing the flash method [8-121, one 
has t o  consider as further sources of errors; e )  the inadequacy of Fick’s law to treat the high- 
temperature gradients near the irradiated area; f) the nonuniform intensity distribution of 
the heat source (that is, of the beam falling on the specimen) [3,12]. 
Errors due to a )  are negligible below room temperature for metallic samples in vacuum. 
All the errors from e) to f) are never eliminated and their weight cannot be clearly 
estimated: in particular, the only way to eliminate d )  would be measuring the time 
behaviour of the heat source itself. Finally, errors due to b)  can be overcome by employing 
radiometric techniques [13,14] to measure the temperature at  some point on the surface. 
However, such techniques are fully satisfactory only at high temperature: they become of 
poor sensitivity near room temperature, and absolutely inadequate near the absolute zero, 
in which cases only mirage techniques [15,16] are available. With respect to these 
techniques, however, the method presented here has the advantage of eliminating any gas- 
solid interface and, consequently, the problem of the exact boundary conditions for the 
temperature field at  the interface, or of the convective currents in the gas. 
In the present method, which is valid for high conducting materials, the heat source is 
provided by two parallel rings D1, Dz of chrome1 and alumel, respectively, tightened around 
the middle section of a cylindrical specimen and separated by a gap of mm (see fig. 1). 
Each ring is pressed against the sample by the elastic stresses due to its inner diameter, 
which is slightly lower than the diameter of the sample (E) .  A thin radial cut allows the ring 
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Fig. 
to deform following the change of R due to thermal expansion, without producing excessive 
constraint on the sample itself. Joule heat is conveyed through the rings to the sample from 
an insulated electric wire J surrounding the rings and connected with an external current 
supply. The system of the two rings does not only work as a heat source for the sample, but 
also as a thermocouple junction [17], the electrical connection between chrome1 and alumel 
being represented by the small annular area ( 1  x 1 6 a) of the sample surface in contact with 
the rings: here x is a coordinate taken along the cylinder axis, with the origin in the middle 
section of the sample. By recording the signal of the thermocouple as a function of time one 
has the temperature &(t) of the sample surface for 1x1 6 a. On the other hand, writing the 
heat source in the form 
where r is the radial cylindrical coordinate, and neglecting any heat loss from the surface, 
one obtains from the solution of the diffusion equation a temperature field of the form 
t 
O(r, x ,  t )  = 1 Q,, ( t  - t’>S(t’> dt’ , 
0 
where O,,,(t) is a known function of the space-time variables and of the diffusivity tl of the 
sample. Details on the form of O , ,  are readily found by employing the Green’s function 
method [MI. From eq. (2) applied to r = R,  x = 0 one has the surface temperature of the 
middle section and therefore (since a, in our case 2.5 .  W 4 m ,  is very small) of the annular 
M. OMINI et al.: THERMAL DIFFUSIVITY AND THERMAL EXPANSION ETC. 131 
area in contact with the rings: in other words 
Since el@) is known, eq. (3) can be solved by numerical integration with respect to SW, 
after choosing an arbitrary value of a: the solution, denoted by S,(t), is useful to deduce the 
true value of a by means of a procedure that will be discussed later. 
Equation (3) holds if the heat source is assumed to be uniform between x = - a and x = a. 
Since the two disks of the central thermocouple are made of different materials, a rigorous 
analysis should distinguish between the two corresponding source functions, namely Sl(t) for 
0 < x 6 a and S2(t)  for - a < x < 0. The solution of the diffusion equation in this case would be 
of the form 
where Y?,*(t), like @,,(t), is a known kernel depending on a. The fist term represents the 
temperature one would measure if the total power entering the sample, S(t)  = Sl(t) + S2(t), 
were symmetrically shared by the two disks (as assumed in eq. (1)). The second term is, 
therefore, the perturbation introduced by the dissimmetry of the two disks. We 
investigated in detail the case corresponding to S,(t) = 2S2(t), which is clearly pessimistic, 
because the temperature at r = R  in two homogeneous disks of chrome1 and alumel, 
subjected on their border (r = 222) to the same heat source as applied by the coil, are found to 
differ by no more than 10% at any time for which the temperature is higher than “C (the 
minimum appreciable level). We assumed for Sl(t) the function At exp [- y t ] ,  choosing 
y = 0.015 s-l and a value of A giving rise to a maximum temperature of the order of 5 “C 
(typical behaviour of a real source). In this case the explicit evaluation of the second term on 
the r.h.s. of eq. (4), for a high conducting material (a  = 9.0. m2/s), provided a correction 
term of the order of 10-3”C, that is lower than the uncertainty affecting our temperature 
measurements, and, therefore, completely negligible. 
In addition to the ring source, the experimental apparatus under vacuum contains a 
capacitive system, as shown in fig. 1. One plate (Pl) of the capacitor is represented by a 
O.lOm diameter disk of fused silica lying on the upper base of the sample. Its surface is 
coated by a conductive film and is parallel to the coated surface of an underneath hollow disk 
(P2)  of the same material, surrounding the specimen. This second disk stays on a fused silica 
support through a system of three levelling screws S ,  which can be adjusted so as to ensure 
the parallelism between the disks. By a gap of the order of 5.0 m between the two disks 
one has a capacitance CO of about 400 pF, which is easily detected by means of a capacitive 
bridge connected with a lock-in amplifier. Any change of length of the sample, A ,  produces a 
change of gap and therefore of capacitance. 
Consequently, from the recording of the capacitive signal V(t) one has information on 
A ( t ) ,  which can be simply expressed in the form 
A ( t ) = p  ,(O(r, x ,  t)dz=BIm(t-t’)S(t’)dt’ ,  
t 
- 1  0 
( 5 )  
where 21 is the total length of the sample, ,B its linear expansion coefficient and @(t) a known 
function deducible from @,,(t). 
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Equation (5) holds for high-conducting materials: a study on the numerical solutions of 
the thermoelastic equations [19,201 leads to a displacement field which, for high-conducting 
materials, is essentially independent of r and undistinguishable, within one part over lo3, 
from expression (5): in this case both A(t )  and @(t) can be assumed to be independent of r.  
By assuming a nonlinear relation of the form 
between A and the measured signal V due to the capacitance change and recording the time 
behaviour of both &(t) and V(t) during the heating of the sample, one must impose the best 
fit of the theoretical dilation (4) to the experimental function (6). 
By putting A = $,B, p = dp, this amounts to  minimizing the function 
where the sum is extended to  the N times ti into which the total time interval has been 
subdivided. Introducing into (6) the solution S,(t) of the integral eq. (3) gives for 6 an 
expression depending on the three variables A, p and a. The value of a at the minimum is 
taken as a measure of the true thermal diffusivity. 
By such a method we overcome the difficulties connected with point d) ,  because the 
source function is not hypothesized, but directly measured. At the same time, we obviate to  
point e )  (because heat is slowly conveyed by conduction through the rings, giving rise to 
small gradients) and to point f) as discussed in reference to eq. (4). 
Moreover, it has to be pointed out that the two bases of the sample are separated from 
the upper plate of the capacitor, and from the basement of the apparatus, respectively, by 
three fused silica pins at  120" (see fig. 1). The small thermal diffusivity of fused silica and the 
small contact area between each pin and the sample (that is, essentially a point) eliminates 
any source of error due to b), because in this method no lead is directly attached to the 
sample, and no appreciable heat is conveyed through the pins. This feature also obviates to 
point e). 
m, 21 = 1.50.10-'m, and a 
maximum current of 1.1 A in the coil. The current was switched on and off for two 
consecutive times during a time interval of 400 s. We analysed the couple of curves &(t) and 
V(t) by subdividing the whole interval into 216 parts: this choice was considered sufficient 
for our purposes, because going from N = 216 to N = 344 we did not find any appreciable 
change in the results. The minimization of &A, p, a) with respect to A and p can be performed 
analytically and provides a well-defined couple of values, AX, pz for each value of a. The 
resulting minimization with respect to a is performed numerically and is clearly shown in 
table I, where we reproduce the behaviour of S(A,*, p;, a )  for an experiment at  CO = 385 pF. 
As seen, there is only one minimum and, consequently, only one extrema1 value for each of 
the three variables: this shows that, for a given couple of curves e,(t), V(t), the result 
We used a sample of pure aluminium with R = 5.0 .  
TABLE I. - Values of d'(hz, pz, a )  (in a.u.) vs. a (in 
is well defined at a = 0.874. 
a 0.70 0.75 0.80 0.83 0.85 0.87 0.89 0.91 0.95 1.0 1.05 
S 26.13 13.60 6.07 3.62 2.76 2.47 2.69 3.41 6.15 11.70 28.24 
m2/s) for aluminium. Note that the minimum 
m2/s, since the function is regular. 
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deducible from the minimization procedure is not ambiguous. Repeating the experiment for 
different mountings of the apparatus and different values of CO, and using different heating 
rates, we found nevertheless consistent values of diffusivity, which can be estimated as 
0.87 lo-* m2/s, with a standard deviation of 1 * m2/s (corresponding to a standard error 
of about L 1%). Care has only to be taken to choose heating curves containing sufficient 
information to produce a minimum: to this purpose a programme consisting in switching on 
and off the current for two consecutive times, and producing a temperature curve with two 
plateaus, is found to be very useful. Conversely, for curves containing a continuous rise, or 
an initial rise followed by a single plateau, or anyway pertaining to a total time interval 
much shorter than 400 s, function 6(A,*, E*,*, a)  is found to be flat. 
If the repeatibility of measurements is 2 1%, the sensitivity of the apparatus is much 
better. This can be evaluated by investigating the minimum change of a that can be detected 
by the instrument. To this purpose, starting from a hypothetical source with two peaks 
(similar to a typical source used in our experiments) we made a reasonable numerical choice 
for the values p ,  A, ,u and a,  and calculated through eqs. (3), (5), (6) the corresponding 
theoretical behaviour of &(t) and V(t). At this point we approximated the values of these 
functions to the first decimal place, so as to simulate the experimental uncertainties, which 
in our case make uncertain the second decimal place in a scale between 0 and 100. After 
inserting these approximated values into (7), the minimization gave the extremal value 
a = 0.895 m2/s originally assumed in the 
calculation. This shows that, owing to the experimental uncertainties affecting our 
capacitance and temperature measurements, we cannot distinguish between two values of a 
differing by less than 0.5%. Such a limit provides, therefore, the sensitivity of the apparatus 
and justifies any effort to reduce below f 1% the lack of repeatibility, which under these 
conditions represents the main source of uncertainty and also defines the accuracy. 
m2/s) is well compared to the 
diffusivity given in ref. [21], i . e .  8 .6 .  10-6m2/s. The discrepancy from the value of 
9.7 m2/s of ref. [23], is probably 
explained in terms of the thermal history of the sample: see ref. [14] and [24]. Our value of a 
was checked through an independent experiment performed by the help of the apparatus 
described in ref. [171, where instead of the capacitive sensor we had a thermocouple inserted 
into the upper base of the sample: the result was 8.6. 10-5m2/s. 
From the analysis of the experimental curves, the value of A turns out to be slightly 
depending on the initial capacitance CO and reproducible within an uncertainty of f 1.5%: ,u 
is affected by a larger uncertainty (+ 6%) but it concerns only a second-order term. It has to 
be pointed out that from the same experiment, by the help of the relation p = p / A ,  it is also 
possible to deduce the thermal-expansion coefficient of the specimen if p is independently 
known. A simple way to determine p consists in the simultaneous determination of p and Q by 
measuring the capacitance signal corresponding to two different values of' A ,  imposed by 
turning the levelling screws: this obviously requires the knowledge of the axial displacement 
corresponding to one division of each screw (in our case 5.0.  lo-' m). 
K-' in good 
agreement with the value given by Wallace [25] ( p  = 2.32 K-l). The repeatibility of this 
result, as deduced by a set of different experiments, turned out to be of the order of 2%. 
Therefore we have a very precise and powerful method allowing the simultaneous 
measurement of the thermal diffusivity and of the thermal expansion coefficient of a 
cylindrical sample. Although the method has only been tested at room temperature, its most 
interesting applications should be at  low temperatures: in spite of the fact that p goes to zero 
for T+ 0, nevertheless the sensitivity of our capacitive system is so high [26] that changes of 
length of the order of 111 are easily detectable. Consequently the method should be 
m2/s, to be compared with the value 0.90 
The extremal value of a resulting from table I (8.74. 
m2/s, as given in ref. [22], or from the value of 9.1 
The thermal-expansion coefficient determined in this way was 2.30. 
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applicable to samples with ,B - loe7 K-I, in which case in fact a temperature change of 1 K 
would give rise t o  a change of length of 1.5.  m. Actually, such a value of ,B corresponds, 
for  typical metals, t o  tempera tures  of t h e  order  of a few Kelvins. 
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